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Uncertainty quantification is essential in safety-critical applications such as safe learning-based control. It is typically realized by constructing uncertainty tubes around an unknown function, e.g., a
reward of given control parameters. We assume that this function is random and that we can generate functions that are i.i.d. copies, thereby obtaining high probability uncertainty tubes [1].
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For example, we apply our uncertainty tubes in safe Bayesian optimization for control parameter tuning, as one instance of safe learning-based control. Starting from the initial safe set, we sequentially
gather samples to maximize the unknown ground truth while guaranteeing safety. The blue curve is the ground truth; the light-gray functions are i.i.d. copies conditioned on the samples. The bounds tighten
as more constraints are added (right), and no unsafe experiment is conducted while identifying the best parameter.

Problem definition Uncertainty tubes via the wait-and-judge scenario approach [3]

Many uncertainty tubes require a functional norm, e.g., a known RKHS norm or assume a
specific stochastic process, e.g., that the unknown function is a sample from a GP

Idea: The a priori sample size in Theorem 1 is set by the Helly dimension and can be huge. In
wait-and-judge, we first wait: solve the scenario program. Then we judge: count the number of

Restrictive: an RKHS-norm bound is rarely known, and GPs struggle with discontinuities support scenarios s; and certify the tubes a posteriori.
Our assumption: Conditioned on the samples, we can generate i.i.d. scenarios of the Procedure: Start from some m;, sample the scenarios, and compute /4, u;. Count s; (the
unknown function, which yield uncertainty tubes scenarios whose removal changes the tubes) and solve for 7 € (0, 1) from
Implementation examples: -
Sample a prior function and a noise realization, then map them onto the data by a minimum-norm projection i Z <T>7_Tst . (mt> B (5)
that interpolates the observations. This induces a data-consistent sampling measure. my + 1 —s \St St

Any source of i.i.d. realizations is admissible, e.g., several episode rollouts in which pedestrians move, producing

slmered taleeeries e difEre Teie Stopping: If 7 > 1 — v, the tubes are accurate enough and we stop. Otherwise we increase m;

and repeat. We never exceed the sample size of Theorem 1.

Sampling-based uncertainty tubes via the scenario approach [2]

| Theorem 2: Uncertainty tubes via wait-and-judge scenario approach |

Generalization: If the solution of a (convex) problem holds for the sampled scenarios, it
generalizes with high probability to another sample from the same probability space (Theorem 1).

Uncertainty tubes: At iteration ¢, generate m; i.i.d. scenarios pg‘j): A — R, 5 € |my, of the
unknown function A. The tubes ¢;, u; are the tightest bounds that enclose all scenarios uniformly
over A, obtained from the convex program

min 1T (u — 6) st. pP(a) € [6a),u(a)] Va € A, j € [my]. (1) Synthetic example: Wait-and-judge scenario approach
Closed-form solution: The unique solution is the point-wise envelope of the scenarios: 101
ti(a) = min p(a),  wla) = max p(a), (2) 8 5
je[mt] je[mt] T>U O |
The required number of scenarios m; depends on the probability and confidence levels = _5. X
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- m Classic scenario (Thm. 1): m; = 21403, s; = 40 scenarios; tubes (orange) are conservative.

m Wait-and-judge (Thm. 2): m; = 596, s; = 31 scenarios; tubes (gray) are tighter.

Safe Bayesian optimization for control parameter tuning on hardware

m \We integrate the uncertainty tubes into a safe
Bayesian optimization algorithm and tune two
feedback gains on a real Furuta pendulum,
starting from an initial safe parameter.
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= We model the unknown function as random and assume that i.i.d. copies
—10 - can be sampled (function-based UQ), and construct high-probability
®Sample—Uncertainty tubes—True function  Support scenarios uncertainty tubes wait-and-judge scenario framework.
0 0.2 0.4 0.6 0.8 1 We integrate the tubes into safe BO and tune control parameters on real
S hardware without unsafe experiments.

m [ he unknown function is contained in the uncertainty tubes, but only a few support scenarios
(whose removal changes the tube) actually determine the tubes. References
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